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Abstract: A method of exact all-order summation of leading infrared logarithms in two
dimensional massless Φ4-type non-renormalizable effective field theories (EFTs) is devel-
oped. The method is applied to the O(N)-symmetric EFT, which is a two-dimensional
sibling of the four dimensional O(N + 1)/O(N) sigma-model. For the first time the exact
all-order summation of the
(
E2 ln(1/E)
)n contributions (chiral logarithms) for the 2 → 2
scattering amplitudes is performed in closed analytical form. The cases when the resulting
amplitudes turn to be meromorphic functions with an infinite number of poles (Landau
poles) are identified. This provides the first explicit example of quasi-renormalizable field
theories.
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1 Introduction
The perturbative expansion for observables in Quantum Field Theory (QFT) usually in-
volves powers of large logarithms of energy scale parameters. This signals the necessity for
rearrangement of the perturbation theory series and consistent summation of large logarith-
mic contributions. In renormalizable QFTs this summation is performed with the help of
the Renormalization Group (RG) equations. In particular, to sum up the so-called leading
logarithms (LLs) (defined as the highest possible power of a large logarithm at a given loop
order) it suffices to take into account the result of a one-loop calculation.
Taming large logarithmic corrections in non-renormalizable Effective Field Theories
(EFTs) turns to be a more difficult task. In refs. [1, 2] a generalization of the RG-approach
for generic massless Φ4-type EFTs was constructed. The corresponding equations have
the form of non-linear recurrence relations between the leading large logarithm coefficients.
This allows to calculate the coefficients in front of leading large logarithms to an arbitrary
high loop order. Let us illustrate this on the example of the O(N + 1)/O(N) non-linear
σ-model in 4D space-time dimensions defined by the action:
S =
∫
d4x
1
2
gab(Φ) ∂µΦ
a∂µΦb
=
∫
d4x
(
1
2
∂µΦ
a∂µΦa +
1
2F 2
(Φa∂µΦ
a)(Φb∂µΦb) +O
(
Φ6
))
, (1.1)
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where Φa is the N -component scalar field, gab(Φ) is a metric on the SN -sphere of radius
F which has the dimension of the mass. The non-renormalizable EFT (1.1) describes the
interaction of the Goldstone bosons in 4D. The contribution of the leading infra-red1
logarithms to the low energy expansion of an observable M (e.g. the 2 → 2 scattering
amplitude) generically has the form:
M(E) = E
2
F 2
∞∑
n=1
ωn
[
E2
(4piF )2
ln
(
µ2
E2
)]n−1
. (1.2)
Here E is the appropriate energy variable (E =
√
s for the case of the 2 → 2 scattering
amplitude) and µ is an arbitrary (in the LL-approximation) characteristic energy scale,
which can be seen as an analogue of the scale parameter of the running coupling constant
of a renormalizable QFT. The index n corresponds to the (n−1)-th loop contribution in the
theory (1.1). The LL-coefficients ωn are related to each other by the non-linear recurrence
relations derived in refs. [1, 2]. The summation of the LL-series in Eq. (1.2) can be formally
written as:
M(E) = E
2
F 2
Ω
(
E2
(4piF )2
ln
(
µ2
E2
))
, (1.3)
in terms of the generating function for the LL-coefficients:
Ω(z) =
∞∑
n=1
ωnz
n−1. (1.4)
The function Ω(z) encodes valuable information on the corresponding EFT in the non-
perturbative regime. For example, the position of the nearest to the origin singularity of
the function Ω(z) in the complex z-plane can provide us with exact exponents for the power
behavior of various correlation functions in configuration space in non-perturbative regime
of the EFT, see e.g. refs. [3–6]. Moreover, the function Ω(z) may contain the information
on the non-perturbative spectrum of masses of a non-renormalizable EFT.
For the 4D massless EFTs the explicit expressions for the function Ω(z) was obtained
only for the case of the large-N limit in the O(N + 1)/O(N) [1, 2] and SU(N)/(SU(N −
M) × SU(M)) [7] σ-models. For the O(N + 1)/O(N) σ-model in the limit N → ∞ the
exact result for the generating function Ω(z) (corresponding to the isospin zero, S-wave
scattering amplitude) has the form:
ΩN→∞(z) =
N
1−Nz . (1.5)
The resulting amplitude contains a single Landau pole typical for the solution of RG-
equations in renormalizable QFTs. It is not surprising since in the large-N limit the theory
(1.1) with F ∼ √N is equivalent to a renormalizable QFT (see e.g. general discussion in
ref. [8]) and the amplitude Ω(z) can be obtained with the help of RG-equations.
For more complicated theories (not admitting the description by means of the RG-
equations in the large-N limit), like the principal chiral field in 4D, the exact form and
1The term “infrared” refers to the low energy behavior: E2  µ2.
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analytical properties of Ω(z) still remains unknown. The numerical studies of the 4D
SU(∞) × SU(∞) principal chiral field [9] indicate that, rather than having a single Lan-
dau pole, Ω(z) can possess a much more complicated analytical structure. Recently, in
ref. [10] the so-called quasi-renormalizable (QR) QFTs were introduced. In such QFTs the
generating function of the LL-coefficients Ω(z) is supposed to be meromorphic on a certain
domain D in the complex-z plane. Additional singularities (e.g. branch points) may also
be present outside the domain D. In a situation that we believe to be theoretically very
interesting Ω(z) is meromorphic on the whole complex-z plane and possesses an infinite
number of poles, which can be interpreted as a manifestation of an infinite number of the
Landau poles in the theory.
The main goal of the present paper is to provide physical examples of such QFTs.
We consider the O(N)-symmetric two dimensional massless Φ4-type EFT defined by the
following action:
S =
∫
d2x
(
1
2
∂µΦ
a∂µΦa − g1(∂µΦa∂µΦa)(∂νΦb∂νΦb)− g2(∂µΦa∂νΦa)(∂µΦb∂νΦb)
)
.
(1.6)
Here Φa(x), a = 1, . . . , N is the N -component vector in the internal symmetry space;
g1, 2 are the coupling constants at the two possible vertices involving 4 derivatives. The
dimension of g1, 2 is −2 in the mass units.
The non-renormalizable EFT (1.6) can be seen as a two-dimensional sibling of the four-
dimensional EFT (1.1) – it has the same symmetry and the same structure of the leading
logarithms (1.2) as in 4D σ-model (1.1). We name the theories of the type (1.6) as bi-quartic,
theories2 since the interaction part of the corresponding Lagrangian is built of four-point
interactions with four derivatives. Below we argue that this property of the interaction leads
to the appearance of an infinite number of poles in the LL-approximation for the binary
scattering amplitude, thus providing explicit examples for quasi-renormalizable QFTs.
A few words of comments are necessary here on the manifestation of the infrared
divergences in the theory (1.6). Indeed the infrared divergences are known to plague severely
the perturbative calculations in massless theories in 2D. This issue is discussed in details
e.g. in Refs. [11–13] in connection with the calculations in the 2D non-linear sigma model.
We would like to stress that infrared divergences represent a minor issue for the calculation
of leading infrared logarithmic corrections in the bi-quartic theory in 2D. As usual, the
loop calculations require introduction of a small regulating mass m for the field Φ in (1.6).
However, the leading infrared logarithmic approximation3 for the 2 → 2 in the bi-quartic
theory in 2D turns to be infrared finite and the massless limit can be taken safely. This
comes from the fact that the interaction in (1.6) is too soft to produce power-like singularities
in the regulating mass. On the other hand, the logarithmic singularity in the regulating
2In Ref. [10] the term bissextile was used instead.
3Let us stress that within the leading infrared log approximation for 2→ 2 scattering amplitude our goal
is to sum up the powers of logarithms of energy variable of the form
(
log 1
s
)n−1, where n refers to “number
of loops +1”. At this point there is a distinction with the common RG problem of summing up
(
logµ2
)n−1
contributions in renormalizable theories.
– 3 –
mass can not show up in our LL-approximation since we sum up terms with maximal power
of log 1s from each loop order. A log
1
m2
entry will reduce the overall power of log 1s and
hence the corresponding term will not contribute to the LL-accuracy.
2 Scattering amplitudes of the O(N)-symmetric bi-quartic theory in the
leading logarithmic approximation
In this section we consider the recurrence relations for the LL-coefficients of the 2 → 2
(binary) scattering amplitude in the O(N)-symmetric bi-quartic theory (1.6) in 2D. We
refer the reader to Appendix A for the derivation of the recurrence relations for the case of
a generic Φ4-type massless EFT in 2D. Here we explicitly present the details specific for
the theory (1.6).
The amplitude of the binary scattering process
Φa(p1) + Φb(p2)→ Φc(p3) + Φd(p4) (2.1)
in the O(N)-symmetric bi-quartic theory (1.6) admits the following decomposition in the
irreducible representations of the O(N) group with respect to the s-channel isospin:
Mabcd(s, t, u) =
2∑
I=0
P IabcdMI(s, t, u). (2.2)
HereMI(s, t, u) are the invariant amplitudes, s, t and u are the usual Mandelstam variables:
s = (p1 + p2)
2; t = (p1 − p4)2; u = (p1 − p3)2.
The projection operators on the invariant subspaces read:
P I=0abcd =
1
N
δabδdc; P
I=1
abcd =
1
2
(δadδbc − δacδbd) ;
P I=2abcd =
1
2
(δadδbc + δacδbd)− 1
N
δabδcd. (2.3)
The projection operators (2.3) satisfy the completeness relation:
P I=0abcd + P
I=1
abcd + P
I=2
abcd = δadδbc. (2.4)
The crossing relations between the invariant amplitudesMI(s, t, u) can be written in
terms of the isospin crossing matrices:
MI(s, t, u) = CIJst MJ(t, s, u),
MI(s, t, u) = CIJsuMJ(u, t, s), (2.5)
MI(s, t, u) = CIJtuMJ(s, u, t).
The crossing matrices are expressed through the invariant projection operators (2.3) as
CIJsu =
1
dI
P IabcdP
J
bdac; C
IJ
st =
1
dI
P IabcdP
J
cbad; C
IJ
tu =
1
dI
P IabcdP
J
bacd, (2.6)
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where
dI = P
I
abba =
{
1,
N(N − 1)
2
,
(N + 2)(N − 1)
2
}
(2.7)
stand for the dimensions of the corresponding irreducible representations. The explicit
expressions for the crossing matrices consistent with the completeness relation (2.4) read
Csu =
 1N 1−N2 N
2+N−2
2N
− 1N 12 N+22N
1
N
1
2
N−2
2N
 ; Cst =
 1N N−12 N
2+N−2
2N
1
N
1
2 −N+22N
1
N −12 N−22N
 ;
Ctu =
 1 0 00 −1 0
0 0 1
 . (2.8)
In two space-time dimensions the scattering amplitudesMI(s, t, u) can be further de-
composed into the transmission and reflection amplitudesMI, {T,R}(s) which depend only
on the invariant total energy variable s (see Appendix A for definitions and discussion).
To the tree-level accuracy, the expressions for the transmission and reflection isotopic
invariant amplitudesMI, {T,R}(s) in the theory (1.6) read:
MI=0, T (s) =MI=0, R(s) = s2(2g1(N + 1) + g2(N + 3)),
MI=1, T (s) = −MI=1, R(s) = s2(g2 − 2g1), (2.9)
MI=2, T (s) =MI=2, R(s) = s2(2g1 + 3g2).
The leading logarithmic contributions into the transition and reflection invariant am-
plitudes we would like to compute admit the following parametrization:
MI, {T,R}
∣∣∣
LL
(s) = s2
∞∑
n=1
ωI, {T,R}n
[
s
4pi
ln
(
µ2
s
)]n−1
, (2.10)
where we introduced transmission and reflection LL-coefficients ωI, {T,R}n for given isospin
I. Note that the index n refers to “number of loops plus 1”. The tree-level LL-coefficients
can be directly read off the tree-level amplitudes (2.9):
ωI=0, T1 = ω
I=0, R
1 = (2g1(N + 1) + g2(N + 3));
ωI=1, T1 = −ωI=1, R1 = (g2 − 2g1);
ωI=2, T1 = ω
I=2, R
1 = (2g1 + 3g2). (2.11)
The explicit form of the system of non-linear recurrence relations for the LL-coefficients
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(see Appendix A for the derivation) reads4:
ωI, Tn =
1
2(n− 1)
n−1∑
k=1
2∑
J=0
(
δIJ − (−1)nCIJsu
) (
ωJ, Tk · ωJ, Tn−k + ωJ, Rk · ωJ, Rn−k
)
;
ωI, Rn =
1
2(n− 1)
n−1∑
k=1
2∑
J=0
(
δIJ − (−1)nCIJst
) (
ωJ, Tk ω
J, R
n−k + ω
J, R
k ω
J, T
n−k
)
. (2.12)
Here the isospin crossing matrices Csu and Cst are defined in (2.8). The initial conditions
for the recurrence system are provided by the tree-level result (2.11). The transmission
LL-coefficients up to four-loops obtained from the system of recurrence equations (2.12) are
listed in Table 1.
n I = 0 I = 1 I = 2
1 (2g1(N + 1) + g2(N + 3))F
2 (−2g1 + g2)F 2 (2g1 + 3g2)F 2
2 (N − 1)(N + 2) (N + 2) −(N + 2)
3 (N − 1)(N + 2)2 −(N + 2)2 (N − 2)(N + 2)
4 13(N − 1)(N + 2)2(3N − 2) 13(N + 2)2(3N − 2) −13(N + 2)2(3N − 2)
5 13(N − 1)(N + 2)3(3N − 1) −13(N + 2)3(3N − 1) 13(N + 2)2(N − 2)(3N − 1)
Table 1. Table of I = 0, 1, 2 transmission LL-coefficients (multiplied by F 2n) for the bi-quartic
model (1.6) up to four loops. Here 1/F 2 = 2g1 + g2 is the combination of coupling constants which
enters the LL-approximation.
It is straightforward to check that for all n
ωI, Tn = (−1)IωI, Rn , (2.13)
that is just a consequence of the Bose symmetry. Moreover it turns our that for n ≥ 2
ωI=1, Tn
ωI=0, Tn
=
{
1
N−1 , n− even;
− 1N−1 , n− odd;
(2.14)
and
ωI=2, Tn
ωI=0, Tn
=
{
− 1N−1 , n− even;
N−2
(N−1)(N+2) , n− odd.
(2.15)
Therefore, to solve the recurrence system (2.12) it suffices to consider just the I = 0
transmission LL-coefficients ωI=0, Tn . It is curious that for n ≥ 2 these coefficients depend
only on the particular combination of the coupling constants of (1.6):
1
F 2
≡ 2g1 + g2. (2.16)
4Note that there is no summation over the repeating J in terms like ωJ, {T,R}i · ωJ, {T,R}n−i in (2.12): the
two J entries should be understood here as a sole summation index in the convolution with the isospin
crossing matrices.
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Here the coupling constant F has the dimension of mass.
With the help of eqs. (2.14), (2.15) one can show that the non-linear recurrent system
(2.12) for ωI=0, Tn is equivalent to the following non-linear recurrent relation:
fn =
1
n− 1
n−1∑
k=1
(
A0 + (−1)nA1 + (−1)kA2
)
fkfn−k; f1 = 1, (2.17)
where the coefficients Ai read:
A0 = 1 +
1
(N + 2)(N − 1) ; A1 = −
N + 1
(N + 2)(N − 1) ; A2 = −
2
(N + 2)(N − 1) . (2.18)
For n ≥ 2 the I = 0 transmission LL-coefficients ωI=0, Tn are expressed through the solution
of (2.17) as
ωI=0, Tn = fn ×
(
(N + 2)(N − 1)
NF 2
)n
, (2.19)
where F is introduced in (2.16).
Some general properties of the recurrence equations of the type (2.17) were recently
discussed in [10] in the context of the quasi-renormalizable field theories. The main dis-
tinctive feature of the QR field theories is that the “running coupling constant” (defined
through the 2→ 2 particle scattering amplitude in the LL-approximation) possesses a more
complicated analytical structure, rather than a simple Landau pole.
For the case A1 = A2 = 0 the recurrence relation eq. (2.17) reduces to the form similar
to that of the usual renormalizable QFT. The corresponding solution contains a single
Landau pole with position defined by the coefficient A0. The solutions for more general
cases exhibit much more complicated analytical structure [10].
As we discussed above, all possible invariant binary scattering amplitudes in the bi-
quartic model (1.6) can be expressed in terms of a single amplitudeMI=0, T (s). We define
the dimensionless amplitude (generating function) in the LL-approximation as:
Ω(z) =
∞∑
n=2
ωI=0, Tn z
n−1. (2.20)
In what follows, we call the function Ω(z) (2.20) as the amplitude in the LL-approximation,
or LL-amplitude for brevity. All possible binary scattering amplitudes in the bi-quartic
model (1.6) in the LL-approximation can be expressed through Ω(z) using the relations:
MI=0, T
∣∣∣
LL
(s) = s2 [2g1(N + 1) + g2(N + 3)] +
s2
F 2
Ω
(
s
2piF 2
ln
(
µ2
s
))
;
MI=1, T
∣∣∣
LL
(s) = s2(g2 − 2g1)− s
2
(N − 1)F 2 Ω
(
− s
2piF 2
ln
(
µ2
s
))
; (2.21)
MI=2, T
∣∣∣
LL
(s) = s2(2g1 + 3g2)
− 2s
2
(N + 2)(N − 1)F 2
[
Ω
(
s
2piF 2
ln
(
µ2
s
))
− N
2
Ω
(
− s
2piF 2
ln
(
µ2
s
))]
;
MI, R
∣∣∣
LL
(s) = (−1)I MI, T
∣∣∣
LL
(s).
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It worths mentioning the special case N = 1. It corresponds to surviving of just I = 0
invariant subspace (cf. eq. (2.7) for the dimensions of the invariant subspaces). As it can
be seen for Table 1, starting from the one-loop order the LL-coefficients ωI=0, T, Rn vanish
and the solution for the LL-amplitude (2.20) is just Ω(z) = 0. However, as pointed out in
Sec. 4.2, one can rigourously defile the limit limN→1
Ω(z)
N−1 that can be expressed in terms of
the Weierstraß elliptic function.
In the next sections we present the non-trivial solutions for the LL-amplitude (2.20).
We also note that using the technique of refs. [4], [6] one can compute the LL-approximation
for various form factors as well as the correlation functions of two currents in the bi-quartic
theory (1.6) in terms of the LL-amplitude (2.20).
3 Generalizing RG-equations: non-linear differential equations for the
LL-amplitude
In order to compute the LL-amplitude (2.20) in the bi-quartic theory (1.6) we need to solve
the recurrence equation (2.17). To reduce the recurrence equation (2.17) to a differential
equation, we introduce the generating function
f(z) =
∞∑
n=1
fnz
n−1. (3.1)
This function satisfies the following differential equation equivalent to (2.17):
d
dz
f(z) = A0 f(z)
2 +A1 f(−z)2 −A2 f(z)f(−z), f(0) = 1, (3.2)
Note that for the case of a renormalizable QFT A1 = A2 = 0, the equation (3.2) is reduced
to:
d
dz
f(z) = A0 f
2(z), (3.3)
which has the form of the one-loop RG-equation with the solution:
f(z) =
1
1−A0z . (3.4)
This solution corresponds to the famous Landau pole and leads to the classification of
renormalizable QFTs into IR- or UV- asymptotically free theories, depending on the sign
of the coefficient A0.
For the case of a non-renormalizable EFT we need to consider a much more complicated
non-linear differential equation (3.2). To address this issue, it is convenient to introduce
the even (u(z) = u(−z)) and odd (v(z) = −v(−z)) parts of the generating function f(z):
u(z) =
∞∑
n=1
odd
fnz
n−1; v(z) =
∞∑
n=2
even
fnz
n−1. (3.5)
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The recurrence relation (2.17) is equivalent to the following system of non-linear differential
equations for u(z) and v(z):{
v′(z) = (A0 +A1 −A2)u2(z) + (A0 +A1 +A2)v2(z);
u′(z) = 2(A0 −A1)u(z)v(z);
(3.6)
with the initial conditions
u(0) = 1; v(0) = 0.
We can use the second equation in (3.6) to express v(z) as:
v(z) = − 1
2(A0 −A1)u(z)
d
dz
1
u(z)
. (3.7)
It is convenient to introduce the new variable
l(z) =
1
u(z)
; l(0) = 1; l′(0) = 0. (3.8)
Taking into account (3.7), the first equation in (3.6) can then be rewritten as:
l(z)l′′(z) = α1
(
l′(z)
)2
+ α0, (3.9)
where
α0 = −2(A0 −A1)(A0 +A1 −A2) = − 2N
3
(N − 1)2(N + 2); (3.10)
α1 = 1− (A0 +A1 +A2)
2(A0 −A1) =
N + 2
2N
. (3.11)
Now we make use of the standard trick employed for autonomous differential equations and
perform the substitution
ν(l) = l′(z); l′′(z) = νν ′; where ν ′ ≡ d
dl
ν(l). (3.12)
This produces the equation
lνν ′ = α1ν2 + α0, (3.13)
which can be integrated and gives
α1 log(lC) =
1
2
log
(
α1ν
2 + α0
)
. (3.14)
The integration constant C is fixed from the ν(1) = 0 condition:
α1 log(C) =
1
2
log (α0) . (3.15)
Thus, we arrive to the following differential equation for l(z) (3.8):
α1
[
l′(z))
]2
= α0l
2α1(z)− α0; l(0) = 1, (3.16)
that allows to express the even part of the generating function f(z). The odd part of the
generating function f(z) can be expressed through (3.7). In the next section we consider
several solutions of the differential equation (3.16).
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4 Solutions for the LL-scattering-amplitude
The differential equation (3.16) can be formally viewed as the equation of motion of a one
dimensional mechanical system. Indeed, introducing the “time variable”:
t =
N
(N − 1)(N + 2)z, (4.1)
and the “coordinate”
q(t) = l
(
(N − 1)(N + 2)
N
t
)
. (4.2)
we obtain the equation of motion for a particle of the mass
m =
1
2N2
and the total energy E = 1 in one dimension (along the coordinate q):
m q˙(t)2
2
+ q(t)γ = 1, (4.3)
where
γ =
N + 2
N
is the exponent of the potential. The initial condition at t = 0 corresponds to the particle
resting at q = 1. Note that the parameters m and γ of the effective mechanical system
(4.3) are singular in the limit N → 0. We address this issue in Sec. 4.1.
Using the relation (2.19) together with (3.8), (3.7) one can express the LL-amplitude
Ω(z) (2.20) through the solution of the equation of motion (4.3):
Ω(z) =
(N − 1)(N + 2)
N
(
1
q(z)
− 1
)
− N − 1
2N
d
dz
ln(q(z)). (4.4)
We conclude that the problem of summation of LLs for the binary scattering amplitudes in
the O(N)-symmetric bi-quartic model (1.6) is reduced to the analysis of the one-dimensional
motion of the mechanical system (4.3). The knowledge of the function Ω(z) allows to
compute all scattering amplitudes in LL-approximation in the theory (1.6) with the help of
eq. (2.21).
We note that with the change of the coordinate q(t) = r(t)
2
2−γ one obtains the me-
chanical system equivalent to (4.3):
M r˙(t)2
2
+
[
2− r(t)δ
]
= 1, (4.5)
where the corresponding “mass” and exponent of the “potential” are given by
M =
2
(N − 2)2 ; δ =
2γ
γ − 2 = −
2(N + 2)
N − 2 . (4.6)
– 10 –
N γ m Ω(z) Comments:
−2 0 18 0 free motion of (4.3); no LLs;
N →∞ 1 m→ 0 eq. (4.8) motion of (4.3) under constant force;
2 2 18 eq. (4.13) harmonic oscillator case; trigonometric solution;
N → 1 3 12 eq. (4.22) elliptic solution;
2
3 4
9
8 eq. (4.23) elliptic solution;
Table 2. Summary of solutions for the mechanical system (4.3) expressed in terms of elliptic
functions (and their degeneracies).
N δ M Ω(z) Comments:
−2 0 18 0 γ = 0 case; see Table 2.
−23 1 932 eq. (4.11) motion of (4.5) under constant force;
N → 0 2 12 eq. (4.18) motion of (4.5) in inverted harmonic potential;
2
5 3
25
32 eq. (4.24) elliptic solution;
2
3 4
9
8 eq. (4.23) γ = 4 case; see Table 2.
Table 3. Summary of solutions for the mechanical system (4.5) expressed in terms of elliptic
functions (and their degeneracies).
The parametersM and δ of the equivalent mechanical system (4.5) turn out to be singular
for N = 2. This is another special case we consider in Sec. 4.1.
For the case of the exponents of the potentials γ and δ equal to 0, 1, 2, 3, 4 the me-
chanical systems (4.3), (4.5) can be solved explicitly in terms of elliptic functions (or their
degeneracies). The values of the corresponding theory parameters5 and a short summary of
solutions is presented in Tables 2, 3. Below, in Secs. 4.1, 4.2, we present a detailed analysis
of the corresponding solutions. A qualitative analysis of the general case is given in Sec. 4.3.
4.1 Solutions in terms of elementary functions
For the cases γ = 0, 1, 2 the motion of the mechanical system (4.3) is described in terms
of elementary functions. These cases correspond to the “free particle”, “motion under a
constant force” and a “harmonic oscillator” respectively. Another elementary solution occurs
for γ = −2, that corresponds to the “motion under the constant force” of the system (4.5),
and for γ →∞, that corresponds to the “inverted harmonic potential” in eq. (4.5).
• N = −2, γ = 0, m = 18
This case corresponds to the “free particle motion” of the mechanical system eq. (4.3).
The solution of eq. (4.3) is trivial: q(t) = 1. This leads to
Ω(z) = 0.
Therefore, for N = −2 no contribution of leading logarithms for n > 1 come in the
bi-quartic model (1.6).
5The non-entire values of N should be understood in a sense of analytical continuation (cf. ref. [8]).
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• N →∞, γ = 1, m→ 0
This case corresponds to the “motion under a constant force”. Note that in this case
the mass of the particle tends to zero m ∼ 1/(2N2), therefore we rescale the time
variable t→ Nt in eq. (4.3). The resulting solution corresponds to the “motion with
uniform acceleration” to the left from the initial position q = 1:
q(t) = 1− (Nt)2. (4.7)
With the help of eqs. (4.4) we obtain the large-N solution for the LL-amplitude in
the bi-quartic model (1.6):
Ω(z) =
N
1−Nz −N. (4.8)
We conclude that in this case the LL-amplitude possesses a single Landau pole. This
is a typical result for the summation of LLs by means of the RG-equation. The
result (4.8) is not surprising since in limit N →∞ (assuming the coupling constants
gi ∼ 1/N for N →∞) the theory (1.6) is equivalent to a renormalizable field theory,
see e.g. discussion in [8].
• N = −23 , δ = 1, M = 932
This case corresponds to the “motion under the action of the constant force”, see
eq. (4.5):
r(t) = 1 +
16
9
t2. (4.9)
Correspondingly, the function q(t) is expressed as:
q(t) =
√
r(t) =
√
1 +
16
9
t2. (4.10)
Finally, with the help of eq. (4.4) we obtain the solution for the LL scattering ampli-
tude in the bi-quartic theory (1.6) for N = −23 :
Ω(z) = 10
(
1√
9 + 16z2
− 2z
9 + 16z2
)
− 10
3
. (4.11)
This is an example of a QFT with the LL-amplitude which has a more complicated
analytical structure than that obtained with help of a usual leading order RG-equation
for a renormalizable QFT. It contains two branch points and poles at z = ±34 i.
• N = 2, γ = 2, m = 18
This case corresponds to the “harmonic oscillator”. The solution is the text-book
periodic harmonic motion:
q(t) = cos(4t). (4.12)
This leads to the following LL-scattering-amplitude in the bi-quartic theory (1.6) for
N = 2:
Ω(z) =
2
cos(4z)
+ tan(4z)− 2. (4.13)
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This is a remarkable result. We conclude that for N = 2 the bi-quartic theory (1.6)
exhibits an infinite number of the Landau poles on the real axis. The positions and
residues of these poles are:
z
(1)
k =
pi
8
(4k + 1), k ∈ Z, Res
z=z
(1)
k
Ω(z) = −3
4
; (4.14)
z
(2)
k =
pi
8
(4k + 3), k ∈ Z, Res
z=z
(2)
k
Ω(z) =
1
4
. (4.15)
This case provides a live physical realization of quasi-renormalizable QFTs introduced
in ref. [10]. The presence of an infinite number of poles in the LL-amplitude (4.13)
may hint on the non-trivial mass spectrum of the theory (1.6) for N = 2.
We also note that N = 2 turns out to be the special case from the point of view
of the equivalent mechanical system (4.5) as the corresponding parameters M and
δ become singular. However, we verified explicitly that (4.13) provides the solution
for the initial recurrent system (2.12). The solution (4.13) is regular at z = 0 hence
being analytic functions in some circle around the point z = 0. Inside this circle the
solution is unique as its Taylor expansion coincides with that generated by the initial
recurrence system (2.12).
• N → 0, δ = 2, M = 12
This case corresponds to the “motion in an inverted harmonic potential” (see eq. (4.5))
and again has the text-book solution:
r(t) = cosh(2t). (4.16)
Correspondingly, the function q(t) is expressed as:
q(t) =
1
r(t)N
=
1
cosh(2t)N
, (4.17)
where we keep only the leading order terms in the N → 0 limit. This solution leads
to the following LL-scattering-amplitude in the bi-quartic theory (1.6) in the limit
N → 0:
Ω(z) = − ln[cosh(2z)]− tanh(2z). (4.18)
Therefore, the theory (1.6) in the limit of vanishing number of components (N → 0)
provides another example of a quasi-renormalizable QFT. In this case the scattering
amplitude has an infinite set of pole at:
zk = i
pi
4
(2k + 1) , k ∈ Z, Res
z=zk
Ω(z) = −1
2
. (4.19)
The case N → 0 turns out to be singular from the point of view of the equivalent
mechanical system (4.3). We have checked that Ω(z) (4.18) provides the solution for the
initial recurrent system (2.12) and is analytic in a circle around z = 0. Therefore, inside
– 13 –
this circle the solution is unique as its Taylor expansion coincides with that generated by
the initial recurrence system (2.12).
These simple solutions show that the bi-quartic theory (1.6) exhibits complicated struc-
ture in the leading logarithmic approximation. It seems that, depending on the values of
parameter N , this theory has qualitatively different phases. Further examples of an even
more complicated analytical structure of the LL-amplitude are provided by the solutions in
terms of elliptic (meromorphic, doubly periodic) functions.
4.2 Solutions in terms of elliptic functions
Probably the most interesting case is the theory (1.6) in the limit of N → 1. In terms of the
effective mechanical system (4.3) it corresponds to γ = 3 and m = 12 . The corresponding
differential equation can be solved in terms of the Weierstraß elliptic function. The solution
has the form:
q(t) =
3℘
(√
3t; 0,− 427
)− 2
3℘
(√
3t; 0,− 427
)
+ 1
. (4.20)
Here the Weierstraß elliptic function ℘(z; g2, g3) with the invariants g2, g3 satisfies the
master differential equation6 [14]:
[℘′]2 = 4℘3 − g2℘− g3, ℘(z → 0; g2, g3) = 1
z2
. (4.21)
With the help of eq. (4.4) we obtain the LL-amplitude Ω(z) in the limit N → 1:
Ω(z)
N − 1 =
1
2
6℘
(√
3z; 0,− 427
)−√3℘′ (√3z; 0,− 427)+ 2
℘
(√
3z; 0,− 427
)2 − 13℘ (√3z; 0,− 427)− 29 . (4.22)
On Fig. 1 we show the plot of |Ω(z)|/(N − 1) as a function of the complex variable z.
One can see on this figure the periodically located poles (white areas) and zeros (deep blue
areas) on the complex z-plane. The detailed analysis of the solution (4.22) and its relation
to pseudo-factorials, Dixon’s elliptic functions, continued fraction, and to combinatorial
analysis can be found in Refs. [15, 16] (see also [10]).
There are two additional cases in which Ω(z) can be expressed in terms of elliptic
functions. Below we just list them:
• N = 23 :
Ω(z) =
4℘
(
4
3z;−1, 0
)− ℘′ (43z;−1, 0)+ 2
−3℘ (43z;−1, 0)2 + 34 . (4.23)
This solution is a doubly periodic meromorphic function of the variable z.
6This definition is consistent with that employed in the Wolfram Mathematicar.
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Figure 1. The contour plot of |Ω(z)|/(N − 1) for the bi-quartic QFT (1.6) in the N → 1 limit.
• N = 25 :
Ω(z) =
450℘′
(
z; 0, 128
2
1252
)
625℘
(
z; 0, 128
2
1252
)2
+ 400℘
(
z; 0, 128
2
1252
)
− 512
− 18
5
 1√
1− 48
25℘
(
z;0, 128
2
1252
)
+32
− 1
 . (4.24)
This solution is also doubly periodic in the complex z-plane; it possesses an infinite
number of poles and branch points.
4.3 Qualitative analysis of general case
Solutions for more general values of N can be obtained in terms of hyper-elliptic functions
(see, e.g. ref. [17]). Here, using the effective mechanical system (4.3), we make several con-
clusions concerning the nature of the nearest singularity of Ω(z) on the real and imaginary
axes in the complex-z plane.
For N > 0 and N < −2 (corresponding to positive γ in eq. (4.3)) the mechanical sys-
tem describes the motion of a “particle” to the left from the initial position at the point
q = 1. In a finite time the “particle” reaches the point q = 0 with a finite “velocity”. This
point corresponds to a singularity of the LL-amplitude Ω(z) (see eq. (4.4)). Moreover, since
at this point the “velocity” is finite the corresponding singularity is a pole. Thus, the posi-
tion of the nearest pole singularity on the real axis for N > 0 and N < −2 can be easily
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computed with the result:
zpole =
√
piΓ
(
1 + NN+2
)
2NΓ
(
1
2 +
N
N+2
) . (4.25)
For the case of −2 < N < 0 (corresponding to negative γ in eq. (4.3)) the motion of
the effective “particle” is to the right from the initial point q = 1. It never reaches the point
q = 0, i.e. the LL-amplitude Ω(z) has no singularities on the real axis.
In the case N = 22p+1 (p ∈ N) the effective “particle” oscillates in the potential q2(p+1).
Therefore, it periodically crosses the point q = 0 with a finite “velocity”. This point corre-
sponds to a pole of Ω(z). The position of the pole nearest to the origin is given by zpole
(4.25). On the real z axis the LL-amplitude, therefore, possesses an infinite number of
equidistant poles separated by
∆z =
(2p+ 1)
√
pi Γ
(
1 + 12(p+1)
)
2 Γ
(
1
2 +
1
2(p+1)
) , p ∈ N. (4.26)
The singularities of the LL-amplitude Ω(z) on the imaginary axis of z can be obtained by
considering the motion for effective mechanical system (4.3) in the imaginary time τ = −it.
From these consideration one can conclude that
• for −2 < N < 0 the LL amplitude has the nearest branch point7 and the pole at
zbranch = ±i
√
piΓ
(
2
N+2 − 12
)
2N Γ
(
− NN+2
) . (4.27)
• for |N | > 2 the LL amplitude Ω(z) has no singularities on the imaginary z axis.
5 Discussion and outlook
We presented a general method for exact summation of leading logarithms in 2D non-
renormalizable EFTs. The method was applied to the non-renormalizable EFT (1.6). This
theory is the two-dimensional sibling of the familiar four-dimensional σ-models (like chiral
EFTs). For the first time, the all-order summation of the leading infra-red logarithms (chiral
logs) was performed in the closed analytical form.
Depending on the dimension of the internal symmetry space N , we obtained a number
of exact solutions for the LL scattering amplitudes with rich variety of analytical properties
–in most of the cases the solutions are meromorphic functions with infinite number of
the Landau poles. These cases provide the realization for the quasi-renormalizable QFTs
discussed recently in ref. [10]. Generally the bi-quartic theory (1.6) considered here possesses
many very different phases in the LL-approximation depending on the rank of the symmetry
group.
7The singularity is the branch point as the corresponding “velocity" is infinite at q = 0.
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Probably, one of the most interesting solutions corresponds to the EFT (1.6) with
N = 2. In this case the LL amplitude:
ΩN=2(z) =
2
cos(4z)
+ tan(4z)− 2, (5.1)
has an infinite set of poles equidistantly distributed on the real axis of z . We can speculate
that this feature reminds the properties of the Veneziano amplitude in the string theory,
and there might be deep relations between the properties of the LL-approximation and the
mass spectrum in full theory.
Another remarkable case is the EFT (1.6) in the limit of N → 1. The corresponding
LL-amplitudes turn to be doubly periodic meromorphic functions (elliptic functions). This
case has deep relations to the theory of continued fractions and combinatorial analysis, see
[15, 16]. It would be extremely interesting to find a real physical system that corresponds
to the QFT (1.6) in this limit. We considered here only a particular bi-quartic QFT (1.6),
but the class of such theories is very wide, and the general method presented in this paper
can be applied to work out exact solutions of such theories in the LL-approximation.
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A Derivation of recurrence equations for LL-coefficients in 2D
In this Appendix, following the method of ref. [2], relying on the fundamental QFT require-
ments of unitarity, analyticity, and crossing symmetry, we derive the recurrence relation for
leading IR logarithms in a general Φ4-type theory in two dimensions defined by the action:
S =
∫
d2x
(
1
2
∂µΦ
a∂µΦa − V (Φ, ∂Φ)
)
. (A.1)
Here the expansion of the interaction V (Φ, ∂Φ) starts with four fields Φ, the corresponding
Φ4-part contains 2κ derivatives. The theories in which the number of derivatives is a mul-
tiple of four we call as bi-quartic. The index a (it can be a multi-index as well) corresponds
to a possible internal symmetry of the theory. The bi-quartic theory (1.6) belongs to this
class of theories with κ = 2 and the index a corresponding to the vector representation of
the O(N) isotopic group.
We consider the 2 → 2 scattering reaction (see Fig. 2 for assignment of momenta and
group indices)
Φa(p1) + Φb(p2)→ Φc(p3) + Φd(p4) (A.2)
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a, p1
b, p2 c, p3
d, p4
Figure 2. Assignment of momenta and group indices for the scattering amplitude (A.2).
in two space-time dimensions. We employ the following parametrization for the involved
particle momenta:
p = (E(p),p), with E(p) =
√
p2 +m2. (A.3)
Throughout the derivation we keep the mass of particles non-zero and put them to zero at
the very last step. We adopt the standard normalization of one-particle states:
〈Φa(p′)|Φb(p)〉 = 2E(2pi)δ(p− p′)δab. (A.4)
The scattering matrix element for the reaction (A.2) reads
〈Φc(p3)Φd(p4)|S|Φa(p1)Φb(p2)〉
= I+ i(2pi)2δ(p3 + p4 − p1 − p2)δ(E3 + E4 − E1 − E2)
∑
I
P IabcdMI(s, t, u), (A.5)
where
I = (2pi)22E12E2δ(p1 − p4)δ(p2 − p3) δadδbc, (A.6)
and the sum
∑
I runs over all irreducible representation of the symmetry group in the s-
channel. In the 2D case the description of the reaction (A.2) in terms of the Mandelstam
variables s, t, u is somewhat redundant. Due to the vanishing phase space there are only
two physical possibilities for scattering (we adopt the center-of-mass frame):
1. Forward scattering t = 0; u = 4m2 − s.
2. Backward scattering u = 0; t = 4m2 − s.
We employ the following expression for the overall momentum conservation delta func-
tion in (A.5) [18]:
δ(p3 + p4 − p1 − p2)δ(E3 + E4 − E1 − E2)
=
∣∣∣∣∂E1(p1)∂p1 − ∂E2(p2)∂p2
∣∣∣∣−1 [δ(p1 − p4)δ(p2 − p3) + δ(p1 − p3)δ(p2 − p4)]
=
s
2
√
s(s− 4m2)
[
δ(p1 − p4)δ(p2 − p3) + δ(p1 − p3)δ(p2 − p4)
]
. (A.7)
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Therefore, we can rewrite the matrix element (A.5) as the sum of “transmission” (T ) and
“reflection” (R) pieces:
〈Φc(p3)Φd(p4)|S|Φa(p1)Φb(p2)〉 = I+ i(2pi)2 s
2
√
s(s− 4m2)
×
[
δ(p1 − p4)δ(p2 − p3)
∑
I
P IabcdMI, T (s) + δ(p1 − p3)δ(p2 − p4)
∑
I
P IabcdMI, R(s)
]
.
(A.8)
Note that the transmission and reflection amplitudes depend now only on one Mandelstam
variable s.
We need to work out the 2-particle unitarity relation for 2 → 2 scattering in 1 + 1
dimensions:
2 Im〈p3p4|M|p1p2〉 = 1
2!
∫
dp′1
(2pi)2E′1
dp′2
(2pi)2E′2
〈p1p2|M†|p′1p′2〉 〈p3p4|M|p′1p′2〉 (A.9)
Therefore,
ImMT (s)
∣∣∣
s>0
=
1
8s
s√
s(s− 4m2)
(|MT (s)|2 + |MR(s)|2) ;
ImMR(s)
∣∣∣
s>0
=
1
8s
s√
s(s− 4m2)
(
MT ∗(s)MR(s) +MR∗(s)MT (s)
)
. (A.10)
Let us consider the most general form of the LL-approximation for the transmission and
reflection amplitudesMI, T ,MI, R introduced in eq. (A.8)
MI, T
∣∣∣
LL
(s) = 4pis
∞∑
n=1
Sˆn
n−1∑
i=0
αI, Tn,i ln
i
(
µ2
s
)
lnn−i−1
(
µ2
−s
)
+O(NLL);
MI, R
∣∣∣
LL
(s) = 4pis
∞∑
n=1
Sˆn
n−1∑
i=0
αI, Rn,i ln
i
(
µ2
s
)
lnn−i−1
(
µ2
−s
)
+O(NLL). (A.11)
Here Sˆ stands for the dimensionless expansion parameter
Sˆ =
sκ−1
4piF 2
, (A.12)
where 2κ is the number of derivatives in the interaction part of the Lagrangian. 1/F 2 is
the corresponding coupling constant with the dimension [F ] = κ − 1. Note that κ = 1
corresponds to a renormalizable theory in 2D.
In analogy with the general reasoning of ref. [2], we would like to work out the recurrence
relations for the LL-coefficients of amplitudes (A.11). Obviously, one has
ωI, Tn =
n−1∑
i=0
αI, Tn,i ; ω
I, R
n =
n−1∑
i=0
αI, Rn,i ; (A.13)
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Unitarity relation for s > 0 (right cut) gives
n−1∑
i=0
αI, Ti (n− i− 1) =
1
2
n−1∑
k=1
(
ωI, Tk ω
I, T
n−k + ω
I, R
k ω
I, R
n−k
)
;
n−1∑
i=0
αI, Ri (n− i− 1) =
1
2
n−1∑
k=1
(
ωI, Tk ω
I, R
n−k + ω
I, R
k ω
I, T
n−k
)
, (A.14)
where, we employ that, according to our conventions,
Im
(
ln
µ2
−(s+ iε)
)n−i−1
= Im
(
ipi + ln
µ2
s
)n−i−1
= pi(n− i− 1)
(
ln
µ2
s
)n−i−2
+O(NLL terms). (A.15)
The dispersion relations for the transmission and reflection amplitudes have the follow-
ing form:
MI(s, t = 0, u = 4m2 − s) ≡MI, T (s)
=
1
pi
∫ ∞
4m2
ds′
∑
J
(
δIJ
s′ − s +
CIJsu
s′ − u
)
discMI, T (s′); (A.16)
and
MI(s, t = 4m2 − s, u = 0) ≡MI, R(s)
=
1
pi
∫ ∞
4m2
ds′
∑
J
(
δIJ
s′ − s +
CIJst
s′ − t
)
discMJ, T (s′). (A.17)
Here where the crossing matrices CIJxy were defined for a general symmetry group8 in ref. [2].
Now we employ the equations (A.16), (A.17) to work out the unitarity relation on l.h.s.
cut:
ImMI, T (s)
∣∣∣
s<0
=
∑
J
CIJsu
1
8s
s√−s(−s− 4m2) (|MJ, T (−s)|2 + |MJ,R(−s)|2) (A.18)
ImMI, R(s)
∣∣∣
s<0
=
∑
J
CIJst
1
8s
s√−s(−s− 4m2)
(
MJ, T ∗(−s)MJ,R(−s) +MJ,R∗(−s)MJ, T (−s)
)
.
Therefore, we get
n−1∑
i=0
αI, Ti (i) = −
(−1)(κ−1)n
2
n−1∑
k=1
∑
J
CIJsu
(
ωJ, Tk ω
J, T
n−k + ω
J,R
k ω
I, R
n−k
)
;
n−1∑
i=0
αI, Ri (i) = −
(−1)(κ−1)n
2
n−1∑
k=1
∑
J
CIJst
(
ωJ, Tk ω
J,R
n−k + ω
J,R
k ω
J, T
n−k
)
. (A.19)
8For the case of the O(N)group they are given by eq. (2.8).
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Combining (A.14) and (A.19) we establish the recurrence relations for the LL-coefficients
in 2D:
ωI, Tn =
1
2(n− 1)
n−1∑
k=1
∑
J
(
δIJ − (−1)(κ−1)nCIJsu
)(
ωJ, Tk ω
J, T
n−k + ω
J,R
k ω
J,R
n−k
)
;
ωI, Rn =
1
2(n− 1)
n−1∑
k=1
∑
J
(
δIJ − (−1)(κ−1)nCIJst
)(
ωJ, Tk ω
J,R
n−k + ω
J,R
k ω
J, T
n−k
)
. (A.20)
Note that for even κ (once the number of derivatives in the interaction is a multiple of
4) the recursive equation has the form which is different from the usual RG-equation type
due to the presence of (−1)n factor in the equation. Therefore, in this case the recurrence
equations can have solutions with rather complicated analytical properties, see detailed
discussion in [10]. We call such special type of QFTs as bi-quartic theories. These theories
turn to be natural candidates for quasi-renormalizable QFTs introduced in [10].
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